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CONSTRUCTING PRODUCT FIBRATIONS BY MEANS OF
A GENERALIZATION OF A THEOREM OF GANEA

PAUL SELICK

ABSTRACT. A theorem of Ganea shows that for the principal homotopy fi-
bration 2B — F — FE induced from a fibration F© — E — B, there is
a product decomposition Q(E/F) ~ QB x Q(F * QB). We will determine
the conditions for a fibration X — Y — Z to yield a product decomposition
QZ]Y) = X xQ(X «Y) and generalize it to pushouts. Using this approach we
recover some decompositions originally proved by very computational meth-
ods. The results are then applied to produce, after localization at an odd
prime p, homotopy decompositions for QJj (52") for some k which include
the cases k = p*. The factors of QJpe (52") consist of the homotopy fibre of
the attaching map g2npt-1 _, Jpt_1 (52”) for Jpt (52") and combinations of
spaces occurring in the Snaith stable decomposition of Q2S527+1,

0. INTRODUCTION

Over the past fifteen years a number of product decompositions up to homotopy
X ~ Y x Z for simply connected H-spaces X have been constructed by guessing the
appropriate Y and Z (after examination of H,(X;Z/pZ) and its possible coalgebra
and Steenrod module decompositions) and then constructing maps Y — X, 7 — X
which induce appropriate maps on homology such that the composite ¥ x Z —
X x X — X induces an isomorphism on homology. Although this method has
had a number of successes it is intrinsically difficult to apply because it requires
complete knowledge of the homology of X, good intuition to select appropriate Y
and Z, and ad hoc methods to construct suitable maps ¥ — X, Z — X. The
need is felt for more powerful methods which require less calculation and do not
demand that the user guess the proposed decomposition in advance. This paper is
concerned with a method based on a well known theorem of Ganea.

Let F — E — B be a fibration. Ganea’s theorem [G] states that the homotopy
fibre of the induced map E/F — B is homotopy equivalent to F' « QB. In fact we
get a map of homotopy fibrations

F — E — B

l | H

F«+QB — E/F — B.

Since the canonical map M — M % N is always null homotopic, the left map
F — F % QB and the map QB — F % QB induced from the bottom homotopy
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fibration are null homotopic. A consequence of the latter map being null is the
following corollary.

Corollary 0.1. Let F — E — B be a homotopy fibration. Then
Q(E/F) =~ QB x Q(F « QB).

Observe that B does not appear directly in this formula but only in the combi-
nation QB. Thus regarding the induced homotopy fibration QB — F — FE as the
model case, it is natural to ask under what conditions the existence of a homotopy
fibration X — Y — Z implies a product decomposition

(%) QZY)= X x QX xY)

where Z/Y denotes the homotopy cofibre of the map ¥ — Z.

It is easy to construct counterexamples to the existence of such a decomposition
for an arbitrary homotopy fibration X — Y — Z so some hypotheses will be
needed. For example, such a product decomposition exhibits X as a retract of a
loop space and so there is no chance if X is not an H-space. Nevertheless there are
cases where () holds even though unlike the situation to which Ganea’s theorem
applies, the initial homotopy fibration is not principal. Consider for example the
degree p map p : S?"*t! — §27+1 for an odd prime p. Let S?"*1{p} denote the
homotopy fibre of p and let P?"*2(p) = S*"1 |, 2" denote the Moore space
which is the homotopy cofibre of p. Then (x) predicts that

QP2n+2(p) ~ S2n+l{p} X Q(S2n+1{p} " S2n+1)'
Since M * N ~ M A N and 52" {p} ~ \/7 ) PP +2+2nk(p) this becomes

o0
QP2n+2(p) ~ SQn—i—l{p} NEY) <\/ P4n+3+2nk(p)> ]
k=0
The latter formula is in fact a theorem of Cohen, Moore, and Neisendorfer [CMN1]
so formula (%) holds in this case. Notice however that our starting fibration
S§2ntlipl — §2n+2 B, g2n+1 §g not principal, since $2*+1{p} is not even a loop
space.

The first goal of this paper is to give the conditions which imply that formula
(%) holds for a given fibration X — Y — Z and to consider a more general sit-
uation in which the cofibre Z/Y is replaced by a pushout. Theorem 1.6 and its
CW reformulation Corollary 1.7 present if and only if conditions in terms of a fi-
bre homotopy equivalence between certain pullbacks. Section 2 deals with certain
conditions which are shown to be sufficient to guarantee the hypotheses of the pre-
ceding theorems. For example, Corollary 2.2 states that (x) holds if Y is an H-space
such that the map ¥ — Z extends to a homotopy action of Y on Z. Section 3
applies the results of sections 1 and 2 to construct some homotopy decompositions
of QJ, (S?), the loop space on the k th James filtration on S?. As shown in [S4],
the mod p homology of these spaces has exponential growth for most k, although
Moore’s conjecture (cf. [S3]) predicts that they should all have a homotopy expo-
nent at the prime p. Among the cases for which a decomposition is obtained in
section 3 are those where k equals p’ for some t. The factors which appear in the
decomposition of QJ,: (52") consist of the homotopy fibre Fy:(n) of the attaching
map S2np' =1 _, Ipt_1 (52") for Jp (52") together with spaces formed by suspen-
sions and smash products of the spaces D;2(5?"~1) for j < p' which appear in
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the Snaith stable decomposition of 225271, The question of whether these spaces
related to Dj72(52"_1) have mod p homotopy exponents is thus seen to be related
to the question of whether the spaces J, (S 2”) have homotopy exponents.

I would like to thank Octavian Cornea and Steve Halperin for many helpful
conversations concerning this work.

1. FIBRATIONS OVER PUSHOUTS
We begin by reviewing the work of Dold and Thom [DT] on quasi-fibrations.

Notation. Given pointed spaces M and N we let 7’ : M x N — M and 7" :
M x N — N denote the projections and let i’ : M — M x N and i’ : N — M x N
denote the inclusions i'(m) = (m,x), i"(n) = (x,n). We use = for a homotopy
equivalence and ~,, for a weak homotopy equivalence. We will sometimes use the
Milnor-Moore convention where the name of a space is used to denote the identity

map of that space.

Definition 1.1 (Dold). A map p: E — B is a quasi-fibration if for all b € B the
induced map py : my(E, p~tb) — m,(B,b) is an isomorphism for all ¢. If p: F — B
is a quasi-fibration then p~'b is weak homotopy equivalent to the homotopy fibre
of p for all b € B.

Given a map p : £ — B and a subset A C B we will sometimes write F4
for p~*A and p4 for p|a. The subset A will be called distinguished if p4 : E4 — A
is a quasi-fibration.

Theorem 1.2 (Dold-Thom). Suppose there exists an open cover {Uqs} e, of B by
distinguished sets U, such that for each pair o, 3 € J and for allb € U, NUg there

exists distinguished open V' such that b € V C U, NUg. Then p is a quasi-fibration.
O

From Theorem 1.2 we can deduce the following.

Theorem 1.3. Let v : D — X andp : E — Y be fibrations. Let A — X and
A <= Y be inclusions such that A becomes a closed subset of both X and Y. Let
¢: Dy =, E4 be a weak homotopy equivalence such that

commutes. Suppose that A has open neighbourhoods Ux in X and Uy in'Y with
strong deformation retracts Ux — A and Uy — A. Then 7 : Z — B is a quasi-
fibration, where the pushouts

Y

B

Proof. Tt is not hard to check that the conditions of Theorem 1.2 are satisfied for
the open cover {X — A, Y — A, Ux NUy} of B. |

DALEA C— F s

Lo

define Z and B and 7w : Z — B is the induced map.
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By analogy with Lusternik-Schnirrelmann category we say that a space has nu-
merable category if it has a numerable open cover by subsets with null homotopic
inclusion maps. If A has numerable category (for example, a CW-complex) and ¢
is a homotopy equivalence then v is fibre homotopy equivalent to p4.

As in Theorem 1.3, let ¢ : A — X, j : A — Y be such that i(A) and j(A)
are closed in X and Y respectively and have open neighbourhoods with strong
deformation retracts back to the image of A. As before let B be the pushout of
i and j. Let G; and G9 be the homotopy fibres of ¢ and j respectively. It is
well known (see [CMNZ2]) that the homotopy pullback of G; — A and G — A
is the homotopy fibre both of the composite G; — A — Y and of the composite
G2 — A — X. That is, we have a diagram of homotopy fibrations

F — G — Y

|

Gy, — A L v

| ]

X = X

where F' is the common homotopy fibre. Our goal is to give conditions under which
we have a homotopy fibration FF — G1*G2 — B with null homotopic F' — G % Ga,
and consequently a product decomposition QB & F x Q(G1 * G2). Notice that in
the special case where Y = % we have G1 =~ F and Gy ~ A so this would yield (x)
for the homotopy fibration F — A — X. Let P, Q, f, g, p, and ¢ be defined from
the homotopy pullbacks

P—— A P— A
lf li and lg lj
Go——A— X G——A—1Y,

Thus the homotopy fibre of P — G4 is Gy, the same as that of i. Furthermore
using the definition of pullback, this homotopy fibration G; — P — G2 has a cross-
section G2 — P induced by the maps G2 — A and 1@, : Go2 — G3. Similarly we
have a homotopy fibration with cross-section Go — @ — G7. It is not unreasonable
to suppose that in many cases we will have an equivalence ¢ : P =~ G X Gy = Q
such that

P _?,

NP e
A

commutes. Some conditions which imply this will be considered in the next section.
If we have such a ¢, then we can apply Theorem 1.3 to the maps obtained by
turning ¢ and j into fibrations to obtain a quasi-fibration F' — Z — B. However it
is possible that the resulting fibration might be uninteresting; for example, Z might
be F' x B. Further hypotheses are needed to obtain the desired G; * G2 as Z.

Example 1.4. Let A be an H-space and let ¢ and j each be the inclusion A — CA
of A into the cone on A. Then FF ~ G, ~ Gy ~ A, B =Y A, and up to homotopy
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equivalence, P and @) are each given by the pullbacks

AxA ™5 A
[ ]
A — X,

If we let ¢ = 1444 then Z becomes the homotopy pushout

AxA——Ax A5 4
A 7

which is homotopy equivalent to A x 3 A which in this case is equivalent to F' x B.
If we had instead chosen ¢ to be the shearing map shy : A x A — A x A given by
sh(z,y) = (z,zy) then

AxA =M axA

N\ /!
A

would still have commuted but (as we shall see) we would have obtained Z &~ Ax A.
O

Lemma 1.5. Let G, A, P S, Gy and G ELN Q S, G1 be homotopy fibrations
and let ¢ : P — Q be a weak equivalence. Then the following are equivalent:
(i) P 994, G1 x G is a weak equivalence,
(i) the composite Gy Jp 2, Q - Gy is a weak equivalence,
(iii) the composite G ELR Q LN rL G4 is a weak equivalence.
Proof. The homotopy fibration diagram

G —<— Gy

Loy b
| |

Gy, = Go

shows that g¢ x f is a weak equivalence if and only if « is a weak equivalence.

However a = 7'i'a = 7’ 0 (9¢ X f) o j1 = g¢j1. Thus (i) is equivalent to (ii). By
. . . . _1 . . .

symmetry g¢ X f is a weak equivalence if and only if f¢~" jo is a weak equivalence.

|

Theorem 1.6. Leti: A — X, j: A <— Y be inclusions such that A becomes a
closed subset of both X and Y. Suppose that A has open neighbourhoods Ux in X
and Uy in'Y with strong deformation retracts Ux — A and Uy — A. Let B be the
homotopy pushout of i and j, let G1 and G2 be the homotopy fibres of i and j and
let F' be the homotopy pullback of Gi — A and Go — A. Let P be the homotopy
pullback of i and the composite G3 — A —— X and let Q be the homotopy pullback

of j and the composite G; — A Y. Suppose there exists a weak equivalence
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¢: P — Q such that

commutes. Suppose also that the composite G; — P 2, Q — Gi is a weak
equivalence. Then there exists a quasi-fibration F' — Z — B with Z weak homotopy
equivalent to Gy * G2 such that there are homotopy commutative diagrams

F — Gy — X F — Gy — Y
T T e T
F — Z — B ¥ — Z — B.

where the composites Go — Z SalIN Gi1*xGy and Gy — Z SalIN G1 *x Gy are the
canonical (null homotopic) maps. Consequently there is a weak homotopy equiva-
lence

OB ~ F x QG * Ga).

Conversely if there exists a quasi-fibration F' — Z — B making the above diagrams
commute with Z weak equivalent to G1 x Go then there exists a weak equivalence ¢
with the two properties above.

Proof. Suppose first that there exists a weak equivalence ¢ : P — @ with the stated
properties. Applying Theorem 1.3 to the maps obtained by turning G — X and
G1 — Y into fibrations yields a quasi-fibration ¥ — Z — B and the homotopy
commutative diagrams

F — Gy — X

F
] ] e
F

¥ — Z — B

— G —

;

We must show that Z ~,, G; * G2 and that the maps G; — Z L, G1 * Go and
Gy — Z — (1 * G5 are null. By definition, Z is the homotopy pushout

ST

— —

r 2 0 % @

| |

G2 — Z.

By Lemma 1.5, g¢p X f : P — G; x G2 is a weak homotopy equivalence. It is
standard that

MxN *» M

]

N — MxN
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is a homotopy pushout. Thus in the commutative cube

P ? ¢ Q"G
W 1lg,
f Gl X G2 s J 1
G2 12 Z
N 7r \
G2 G1 * G2

the front and back faces are homotopy pushouts and the maps from back face
to the front face in the upper left, lower left, and upper right are weak homotopy
equivalences. It follows that the induced map Z — G1+G4 in the lower right is also a
weak equivalence and the diagram shows that the composites G; — Z 2, Gi%Go
and Go — Z BN (1 * G4 are the canonical ones as desired.

Suppose now conversely that F' — Z — B is a quasi-fibration such that the
given diagrams commute. The diagrams

rF — P — A F — Q@ — A
| ] I
F — Gy — X and F — G — Y
[~ | ] = |
F — 77 — B F — Z — B

show that P is weak homotopy equivalent to the homotopy pullback of Z — B
and A — X — B and similarly @ is weak homotopy equivalent to the homotopy
pullback of Z — B and A — Y — B. However the composites A — X — B and
A — Y — B are equal. Therefore we have an weak equivalence ¢ : P — @ such
that

commutes. In the above cube we know that the maps from the back face to the front
face in the lower left, upper right, and lower right corner are weak equivalences.

Thus the map P 9924, GG1 X G4 in the upper left corner is also an equivalence and
soGy — P 2, @ — G is an equivalence by Lemma 1.5. O

Ifi: A— X and j: A — Y are cellular maps of CW-complexes then neigh-
bourhoods Ux and Uy satisfying the conditions of Theorem 1.3 always exist. Since
any map of C'W-complexes can be replaced up to homotopy by a cellular inclusion
we obtain the following corollary.

Corollary 1.7. Leti: A — X and j : A — Y be maps between spaces having the
homotopy type of CW -complexes. Let B be the homotopy pushout of i and j, let
G1 and G2 be the homotopy fibres of i and j, and let F' be the homotopy pullback
of G1 — A and G2 — A. Let P be the homotopy pullback of i and the composite
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Gy — A 5 X and let Q@ be the homotopy pullback of j and the composite G1 —
A -1 Y. Suppose that there is a homotopy equivalence ¢ : P — Q) such that

P 2. 0
NP .
A

homotopy commutes and G3 — P 2, Q — G1 is a homotopy equivalence. Then
there is a quasi-fibration F' — Z — B with Z ~ G1xG2 and homotopy commutative
diagrams

F — Gy — X F — G — Y

T e T

¥ — Z7 — B ¥ — Z — B.
Consequently QOB ~ F x Q(G1 * Ga). |

Assuming still that A and X have the homotopy type of CW-complexes, we
conclude this section by interpreting our hypotheses in the special case where Y = .
In this case we have G; = F', Gy = A, P given by the homotopy pullback

p L
lp Z_ li
A — X

of ¢ with itself, and Q = Fx Awithg=n":Q — Fandg=7":Q — A. Since q =
7" @Q — A is a trivial fibration, the existence of ¢ is equivalent to the requirement
that the homotopy pullback of ¢ with itself, p : P — A, be fibre homotopically
trivial. Suppose now that we have such a fibre homotopy trivialization ¢ : P —
F x A. We can define an “action” p: F x A — A of F on A by setting p = f¢— 1.
From the definitions the diagram

FxA &
[« L
A — X

is homotopy commutative with the restriction u|px« homotopic to the map FF — A
in the fibration F — A — X. The additional condition required to conclude that
(%) holds is that the restriction u|.xa — A be an equivalence.

Returning to the original case studied by Ganea where the fibration F — A ——
X is induced from a fibration A — X — BF, we have homotopy pullback squares

p 2. A — PBF

ol

A -~ X — BF

In this case the homotopy pullback of i with itself can be regarded as the pullback

of PBF — B and the null homotopic map A — X — BF, and thus is fibre
homotopically trivial. We can choose the trivialization so that 4 : F x A — A
becomes the standard action of the fibre of a principal fibration on the total space.
For this action, the restriction p|.x4 — A is homotopic to the identity map on A
and so, of course, our hypotheses are satisfied in this case.
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2. SOME CONDITIONS SUFFICIENT TO IMPLY THE DECOMPOSITION

In this section we will consider a special case of the situation discussed in section 1
and show that the hypotheses of Corollary 1.7 are satisfied in this special case.
Throughout this section every space will be assumed to have the homotopy type of
a simply connected C'W-complex.

Theorem 2.1. Let k : S — X where S is an H-space. Suppose that kV 1x :
SV X — X extends to a homotopy action 1 S x X — X of S on X. That is,
suppose there exists u such that plsvx ~kV 1x and

Sxs I g

s s

SxX 4 X

is homotopy commutative. Then for any space Y and any map v : Y — X there

exists a quasi-fibration F — R+ S — B where F is the homotopy fibre of S k£, X,
R is the homotopy pullback

—

S
I

X X

e

and B is the homotopy pushout

Sxy I
SXY —SxX—X

|- |

Y B.

Furthermore there are homotopy commutative diagrams
k

F — S — X F — R — Y
H [l e o
F — RxS — B F — RxS — B.

In particular, F — R* S is null and so QB ~ F x Q(R* 5).

Proof. Using the homotopy extension property we may replace p by a homotopic
map such that ulsyx =kV1x. Let Abe SxY,leti=po(Sxvy):A— X, and
let j = 7" : A— Y. We will show that the hypotheses of Corollary 1.7 are satisfied
in this situation.

Examining the definitions we have
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and homotopy pullbacks

P 2, A=-8SxY Q:SxleSxY
fJ/ J/i:MOSX’Y 9 J/g:ﬂ' J/ﬂ_//
Gy=8 —F X el Ty

The homotopy pullback defining P shows that the homotopy fibre of f is G; and
yields an induced map h:Gi — P such that piL = h.

Let sh: SxX — Sx X, shy: Sx85 — S5x%xS5,and shy : S x5 — 5 xS
denote the shearing maps given by sh(s,z) = (s, u(s,z)), shi(s,t) = (st,t), and
sha(s,t) = (s,st). These are all homotopy equivalences. We sometimes write
m:S xS — S for the multiplication on S.

Since u = 7" o sh, we can expand the homotopy pullback square defining P to
the composition of homotopy pullback squares

P L, §xY

Sxry

S xS Sxk SxX
sho sh
SxS Tk gxx
s X

Since the pullback in the top square is clearly S x R this gives an equivalence
1 : S x R — P. We wish to construct a homotopy equivalence R =~ (G; to be used
to produce ¢ : P~ ). Let « : R — S and § : R — Y be the maps appearing
in the homotopy pullback defining R and let G denote the homotopy fibre of the

composite S x R 5xa g% 5 ™ S. Notice that fib =7"oshgo(Sxa)=mo(Sxa).
s < S — & T &
CR R
Mmogxs ¥ gxpr 4P
Tl e b
S = S = S = S

defines the maps 7, o, i, and e, shows that 7 and o are homotopy equivalences, and
shows that

G — S
SXR Sxa S xS

is a homotopy pullback square. In the composite homotopy pullback
G = SxY X R

J‘ ) lea la
S . sxs Los
111

7't = 7" o0 shy o1 = n'i"7 = 7 which is a homotopy equivalence. Therefore the
composite 7’/ oe : G — R is also an equivalence. Let ® : R — G be the composition
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of homotopy equivalences o(n"€)~1 and define the equivalence ¢ : P — @ to be the

composite P Y LSx RIS« G1 = Q. Then

qp = (S x7"h)o (S xo(n''e) ) oyt
= (8 x 7"ho(n"e)” 1) oy~ 1
(wa phcr "e)T 1)01/1_1
=(Sxm pz/Je "e) ) ot
=~ (8 x (n"(S x B)e(n"e) 1)) o9y~
= (S x ﬂﬂ”e " )_ Doy
(5 X B3) o

—1
as desired. Also the composite Go = S — Q = S X Go &, P — G5 is given by
fo~ti' = fho(Sx®)"toi’ ¥ mo(Sxa)o(Sx® 1)oi’ =mi’ =1g. By Lemma 1.5
this is equivalent to showing the other condition in the hypotheses of Corollary 1.7.
Thus the hypotheses of Corollary 1.7 are satisfied, and applying this together with
our identifications Go = S and ® : R ~ (G yields the theorem. O

Corollary 2.2. Let k: S — X where S is an H-space and let F' be the homotopy
fibre of k. Suppose that KV 1x : SV X — X extends to a homotopy action
p:SxX — X of S on X. Then there is a homotopy fibration F —— F xS — X/S
and so QX/S) =~ F x Q(F % 5). |

Apply Theorem 2.1 with Y = x.

Corollary 2.3. Let S and X be H-spaces, let k : S — X be an H-map and let F
be the homotopy fibre of k. Then there is a homotopy fibration F —— F %S — X/S
and so QX/S) =~ F x Q(F % 5). |

This last corollary yields Cohen, Moore, and Neisendorfer’s formula for
QP?"*2(p), as observed in the introduction. The special case where X = * yields
the well known Hopf-like homotopy fibration S — S S — XS for an H-space S.

3. APPLICATION: SOME HOMOTOPY DECOMPOSITIONS OF )J} (52")

Let p be an odd prime. Throughout this section we will assume that all spaces
and maps have been localized at p and will use H.( ) to denote homology with
Z/pZ coefficients. Let J; (52") denote the k th filtration of the James construction
on 52", As shown in [S4], H, (QJ; (52")) has exponential growth except when
k has the form gp' — 1 for some g and t. In [S4] it was shown how to get a
decomposition of QJj, (") into atomic factors when k < p? — p by means of the
computational method outlined in the introduction to this paper. In this section we
shall apply the techniques of sections 1 and 2 to obtain a homotopy decomposition
of QJj, (S*") when k has the form p’ + ¢ with ¢ < p’. For k < 2p the results
duplicate those in [S4] although they are obtained here with much less effort.

James [J] has shown that J(X) ~ QXX and we shall sometimes abuse notation
by identifying these spaces. Let H, : QS?"+!1 — Q82"+! denote the rth James-
Hopf invariant map. It is well known that the homotopy fibre of Hy: is Jp:_; (S 2”).
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(See [T].) Asin [S2] for all t > 0 we define Fy:(n) to be the homotopy pullback

th (n) — QS2n+ 1
QHpt

t E? t
S2np —1 QS2np +1

As the pullback of H-maps E? and QH,: we know that Fy(n) is an H-space and
the induced maps are H-maps. From [S2] and [CLM],

¢ ¢
H* (FQt (Tl)) = ® A[’Uanj _1] ® ® Z/pZ[Ugnpj _2]
j=0 Jj=0
with Bvg,pi 1 = Ugppi—o and Plug,,i o = —ugnpj,l_? From the diagram of
homotopy fibrations
F2t (n) _ Sanf_l N th—l (SQn)
| |
QH ¢
02g2n+1 "2 2 g2np+l AN Ty (SQn)
t 2 t
we see that Fy(n) is also the homotopy fibre of the composite 277 ~1 £ g2g2n'+1

2, Jpt—1 (5’2") which will be denoted as f;. As we shall see, f; is the attaching
map by means of which J,¢ (52") is constructed from J,:_; (5’2").

Theorem 3.1. For 0 < ¢ < p', QJpi4 (5%") = Fy(n) x J(EQ”pt_qu,t(n)>,
where Yy 4(n) is the homotopy pullback

}/q,t (Tl) SN Sant_l
Tt
1, (527) o Ty (7).

Proof. From the fibration Jye_; (S2*) — QS?"+1 — Q82"+ there is a ho-
motopy action i : Q282 1 x T 1 (8%") — J_; (S*") extending the map
9 : Q282+ — T 1 (S?") induced from the fibration. Since E? : §2'~1 —
028277 +1 is an H-map, the composite u = fi o (E? X Jpe_q (527)) - S2npt=1 o
Jpi—1 (S?™) — Jpe_1 (S?") gives an action of S*" =1 on J,:_; (S?") which ex-
tends f;. Thus the hypotheses of Theorem 2.1 are satisfied. Applying that theo-
rem with v equal to the inclusion J, (52") < Jpe_q (52") gives QB ~ Fy(n) x

Q (Sznpt‘l * Yk,t(n)) where B is the homotopy pushout

S2npt—1 ~ Jq(sQn) - SQHPt—l X th_l(SQ") L> th_1(52n>
J, (8% B.

Since Q(MxN) = QE(MAN) ~ J(M AN) it suffices to prove the following lemmas
which identifies the above pushout as Jy:4, (52").

Lemma 3.2. B~ Jye i, (5*").
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Remark. Applying this lemma in the case ¢ = 0 justifies the earlier claim that f;
is the attaching map for the formation of Jp: (5’2") from Jpi_4 (52").

Proof of Lemma 3.2. The homotopy commutative diagram

gy () g () D g (5

" "
s s

Ly - Bea(sT) (e

induces a map j : B — J(52"). Since Jpeiq (5*") is the 2n(p* + g)-skeleton of
J (S?"), to show that j induces a homology isomorphism (and thus a homotopy

equivalence) it suffices to show that H,(B) = H, (th+q (52") ) and that j induces

an injection on homology. From the homotopy cofibration J,._; ($**) — B —
Jq (5'2”) / (Sznpt_l X Jy (5’2”)) coming from the homotopy pushout defining B

we see that

1%

H,(B) ~ H, (th_l (52")> ® H.(S*") & H, (S%Pt A Jg (52")>

H, <th+q (52”)>.

It remains to show that j. is an injection. From the definitions of B and j we have
a diagram of homotopy cofibrations

(1)

1%

§2 1 T, (527) — e (87 = Ty 1 (827
J, (S2n) . B N J (SZn)
Ty (82) /(SN %1, ($7) = BT (87) 2 J(SP) [ (527

The commutativity of the top right square shows that j,. is an isomorphism in
degrees less than or equal to 2n(p' — 1). Since we also have the commutative
diagram

S 15 (820) — Q2E2HL g (520) L g (520)

" 1"
T ™

Jq (S5*7) — Jpr—1 (S*) —  J(S%)

the map j in (1) factors as

Ty (S /(S (7)) < gy (87) /(287 x gy (57)) < g (5.

The connectivity of a is determined by that of E? and in particular o, is an
isomorphism through degree 2np* — 2. Also the homotopy fibration diagram
Q28+ o (57) T L (5%) . ogewd

[ |

Tpi—1 (87" — st D g
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gives by Ganea a homotopy fibration diagram

Jpe 1 (S77)
Q282np +1 x ],y (S2m)
E

Ty (877) * 02g2np'+1 - Q82 /7y (S Qg4

t
_ QSan +1

(@252 4 ey (877)) Q284

Since the connectivity of the left map is 2npt — 1 + 2npt — 1 > 2n(p’ + q) so
is that of 8. Thus j, = S« is an isomorphism in degrees less than or equal to
2n(p? + q). Therefore the lower right square of (1) shows that j, is an isomorphism
in degrees 2n(p' — 1) + 1 through 2n(p" + ¢). Combined with our earlier results
that j, is an isomorphism in degrees less than or equal to 2n(p* — 1) and H.(B) =

H, <th+q (52")) = 0 in degrees greater than 2n(p’ + ¢) this shows that j. is an
injection, completing the proof. O

To see that this decomposition is identical to that given in [S4] in the case t =1
we show that XY, 1(n) decomposes into the wedge of a sphere and a wedge of Moore
spaces. This is a mod p analogue of [S4, Theorem 2.4].

We easily calculate the cohomology of Y, 1(n) to be that given in the following
proposition.

Proposition 3.3.
A(gn(g+1)—1) @ T(U2np—2) @ A(Danp-1), if q¢<p-—1;
H* (Y, — n(g+1)—1 ~ p D 3 ’ )
( q,l(n)) { A(a2np—1>7 Zf q=p— 17
where A() and T'() denote respectively the exterior and divided polynomial algebras.

O
Theorem 3.4. For 1 <g<p—1,

Y, 1(n) ~ §2n(a+1) \, \/ pj(2np—2)+2(p) V \/ pj(2np—2)+2n(q+1)+1(p)'
j=1 j=1

The corresponding statement when ¢ = 0 holds after one more suspension.

Proof. We consider first the case ¢ > 0. The theorem is equivalent to the statement
that the mod p Hurewicz homomorphism

o (Y1 (n); Z/pZ) — H. (Y1 (n); Z/pZ)

is surjective. From the homotopy pullback defining Y, 1 we get a homotopy fibration
Fy(n) == Yg1(n) — Jg (8°). Hi(Fa(n)) = A(ban—1) @ Z/pZ(uznp—2) @ A(v2np—1)
and i, is an isomorphism in degrees j(2np —2) and j(2np — 2) + 1. As in [S2], let
K and L denote the 2np — 1-skeletons of J,_1 (5*") and Fz(n) respectively. From
the homotopy pullback defining Y, 1 and the H-map F»(n) — S?"P~! we get a map
p: Fa(n) x Yy 1(n) — Yq.1(n) such that p.(u/ ®1) is non-zero for all j and u.(1®a)
is non-zero, where a is dual to a. For e = 0 or 1 and 7 > 0 let g; . denote the
composite

K7 x L x (s2n<q+1>—1)6 — Fy(n)! x Yy 1(n) — Fa(n) x Yg1(n) 5 Yy 1(n).
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Then g;0, is an isomorphism in degree j(2np—2) and commutativity of . with the
coproduct shows that g; 1, is an isomorphism in degree j(2np —2) 4+ 2n(¢+1) — 1.
Commutativity with the Bockstein then shows that g; 0, and g;,1, are isomorphisms
in degrees j(2np — 2) + 1 and j(2np — 2) + 2n(g + 1). The fact that XX X Y =~
LX VIY VEX AY together with the splittings X2L ~ §?n*1 v P2P+l(p) and

SKAL~ S4n—1 vV San+2n—2 vV P2np+2n—1(p) Vv P4np_2(p)

shown in [S2] produce maps from Moore spaces which exhibit each element of
H.,(XYg1(n)) above degree 2np as an image under the mod p Hurewicz homomor-
phism. The composite P?"P~1(p) — Fy(n)/S?""1 — Y, 1(n) together with the
map S2etD-1 2,1(n) in the least non-vanishing degree show the remaining
elements are also Hurewicz images.

When ¢ = 0, we have Yy 1(n) = Fa(n). The argument is identical to that for
q > 0 except that there is not a corresponding map Fz(n)/S?"~! — Yj 1(n) in this
case and the elements in degrees 2np—1 and 2np of XY ; are not Hurewicz images.
However the decomposition of ¥2L shows that they become Hurewicz images after
one more suspension. O

Corollary 3.5. For 1 < qg<p—1,Y,;(n)~ §?lath)=1 y g2mw—1ip1

Proof. Since S*"P~1{p} is an H-space, the inclusion P*"P~1(p) — S2"P=1{p} of
the 2np — 1 skeleton extends to a map QP?"P(p) — S?"P~1{p}. Using adjoints
of maps coming from the preceding wedge decomposition we get maps Yy 1(n) —
QP (p) — S?"~1p} and Y, 1(n) — QS+t — §2na+D=1 which are onto
on homology. Together they give a map Y, (n) — S2na+1)=1 x §2p=1151 which
induces a homology isomorphism and is thus a homotopy equivalence. O

Corollary 3.6. For 0 < g <p,
Fyi(n) x J(52"<Q+1>+2np—2v

V52, PUTDEre=242(p)y

\/;?‘;1 P(j+1)(2np—2)+2n(q+1)+1(p>>7 ifq<p
Fyy(n) x J(S4P2), if g =p.

Qlpiq (577) =

This agrees with the result obtained by computational methods in [S4].

Stably there is a Snaith decomposition ¥°0Q2S?" 1 ~ ¥°°\/77 Dy o (5?71,
According to Moore’s conjecture (cf. [S3]), suspensions of smash products all
of whose factors are Dy (52" 1) for various k should have exponents for the p-
torsion in their homotopy groups. This is known however only when the fac-
tors involve k’s for which & < p? so that these spaces are spheres or Moore
spaces. Moore’s conjecture also claims that QJj (52") has an exponent for the
p-torsion in its homotopy groups for all k. In the case ¢ = 0, Theorem 3.1 says
QJpe (52") & Fay(n) x J (82771 Fy(n)). We will show that 32"PFy(n) has a
wedge decomposition involving suspensions of the spaces Dy 2(S*" 1) with k < p?,
and their smash products. From this and the Hilton-Milnor theorem it will follow
that the problem of showing that Moore’s conjecture holds for these suspensions
of smash products of spaces occurring in the Snaith decomposition is equivalent to
the problem of showing that it holds for all the spaces QJ,: (52™). It is not clear
at this point which of these problems will be easier.
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Lemma 3.7. If N is large enough so that we have a decomposition LN Q282+ ~
SN\ _o Di2 (S 1)V Z then

pt

SNFy(n) = SV \/ [ (Dpra(52 )™ A\ Dya(s> ) |
k=0 Jj=0

where X %) denotes the k-fold smash product of X .

Proof. We assign weights to elements in H.(F5(n)) according to their usual weights
in H,(Q25?" 1), That is w(ug,pi—2) = w(va,pi—1) = p/ and w(zy) = w(z) + w(y).
For k < p' the map XV \/?;O Djo(S?m=1) 2 »NQ282+L lifts for connectivity
reasons to SV Fy(n). Let a; : D;2(S*~ 1) — SN Fy(n) be the restriction of a to
the jth piece. Let g be the composite

k)

wN (Dpt)2(52n—l>)( EN(FQ(H))(k+1)

L SN (Fy(n) T — SV Fy(n)

where some homotopy splitting s,, : 5V (F, (n))(m) — XN (F3(n))™ to the canon-
ical map in the other direction has been chosen. The map \/EOZ0 gr. is a homology
isomorphism and thus a homotopy equivalence. O

According to [C], to satisfy the hypotheses of Lemma 3.7 it is sufficient for N
to be at least 2p® and thus in particular we get the decomposition for ¥ 2np! Fy(n).
Thus we have the following corollary.

Corollary 3.8.

Qe (S*™) ~ Foy(n) x J y2np'—1 \/ ((Dpt72(52n—1))(k) A \/ Dj)2(52n—1>>

k=0 =0

It is clear from the definition of Fy;(n) that the p-torsion of its homotopy groups
has an exponent. Therefore if all spaces formed as suspensions of smash products
of spaces occurring in the Snaith decomposition of 225%"*+1 have mod p homotopy
exponents then J (52") has a mod p homotopy exponent for all ¢. Conversely a
mod p homotopy exponent for J: (52") implies a mod p homotopy exponent for a
large number of such suspensions of smash products.
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